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Abstract
We investigate the stochastic gravitational wave background produced by primordial black hole bi-
naries during their early inspiral stage while accreting high-density radiation surrounding them in
the early universe. We first show that the gravitational wave amplitude produced from a primordial
black hole binary has correction terms because of the rapid rate of increase in masses of the primor-
dial black holes. These correction terms arise due to non-vanishing first and second time derivatives
of the masses and their contribution to the overall second time derivative of quadrupole-moment
tensor. We find that some of these correction terms are not only significant in comparison with the
main term but may be even dominant over the main term for certain ranges of time in the early
Universe. The significance of these correction terms persists for the overall stochastic gravitational
wave background produced from them. We show that the spectral density produced from such
accreting primordial black hole binaries lie within the detectability range of some present and future
gravitational wave detectors.
I. INTRODUCTION
The last couple of years have seen several detections of grav-
itational waves from binary black hole mergers since the first
report by the LIGO and VIRGO scientific collaborations [1–
6]. Besides detection of these individual sources, the stochas-
tic gravitational wave backgrounds generated from unresolv-
able cosmological and astrophysical sources have also aroused
interest. Among various sources of cosmological stochastic
gravitational wave backgrounds, primordial black hole bina-
ries formed in the early Universe are of considerable impor-
tance. Primordial black holes (PBHs) are produced in the
early Universe by direct gravitational collapse of the regions
containing sufficiently high density fluctuations of relativistic
matter or radiation. It has been argued in some works that
PBHs could survive up to present times and form a signifi-
cant constituent of dark matter [7, 8]. It has also been ar-
gued [9–12] that PBHs comprise the black hole merger event
GW150914, leading to the first direct detection of gravita-
tional waves.
One of the main mechanisms of formation of PBHs is the
density fluctuations originating from the quantum vacuum
fluctuations during inflation [13]. After the end of the in-
flation, the Universe entered a phase of decelerated expan-
sion resulting in the density fluctuations re-entering the Hub-
ble horizon. For a sufficiently large amplitude of fluctuation,
Jeans-instability was triggered leading to the fluctuation col-
lapsing to a PBH [14, 15]. Further, massive PBHs could
also be formed due to collapse of large curvature perturba-
tions generated during hybrid inflation [17]. A significant
fraction of PBHs could have formed binaries which emitted
gravitational waves in the course of gradual shrinking and
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merger [16]. Various aspects of stochastic gravitational waves
from PBHs have been studied [18–21, 23, 24]. Most of these
works are related to the PBHs that formed during the late
Universe [e.g.-[22, 23]], while a few have discussed some early
Universe effects [20, 25].
There are certain key differences between the rate of forma-
tion of binaries of black holes in the early and late Universe.
In the early Universe, the rate of expansion of Universe was
so rapid that it had a significant effect on the rate of PBH
binary formation. Moreover, the density of the background
radiation was robust leading to a considerably higher rate
of accretion. It has been argued that accretion of surround-
ing radiation can override the effect of Hawking evaporation
leading to the net growth and longer survival of PBHs [26–
29]. In fact, such a phenomenon could be more prominent if
the very early universe undergoes a phase of string- or brane-
affected modified expansion [30–33], or modified geometry for
compact objects [34, 35]. The consequent mass gain persists
during the subsequent standard radiation dominated expan-
sion, and further impacts the rate of binary formation [36].
It has been recently argued that gravitational radiation due
to mass variation can substantially exceed that due to orbital
motion [37].
In the present work we focus on such PBH binaries in the
early universe. Our motivation is to explore the effects of
background expansion as well as accretion of radiation on the
PBH binary parameters leading to modification of the emitted
gravitational wave spectrum. We investigate the consequent
alteration of the stochastic gravitational wave background,
which, if detected, would lead to a direct signal of physics in
the early universe, and may arguably provide a proof of exis-
tence of PBHs, as well. The plan of the work is as follows. In
the next section we present a brief overview of binary forma-
tion by PBHs in the early universe. In section III, we discuss
the formalism for calculating the amplitude of gravitational
waves from accreting PBH binaries. The stochastic back-
ground produced by them is computed in Section IV where
we further discuss the detectability of the resultant spectral
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2density by present and future gravitational wave detectors.
We conclude with a summary of our analysis in section V.
II. BINARY FORMATION BY PBHS IN THE
EARLY UNIVERSE
In the early Universe the PBHs produced at time t (in
seconds) after Big-bang, have masses of order of the particle
horizon mass at their formation epoch, given by [38]
mH(t) ≈ c
3t
G
≈ 1015 t
10−23
g = 1038t g. (1)
Hence, PBHs may span an enormous mass range from the
end of inflation (10−32 s) up to the Big-bang nucleosynthesis
(∼ 1 s) [39]. Till the time t≈ 10−25 s, almost all PBHs have
mass-range (< 1013 g) such that the Hawking evaporation is
dominant over the accretion of radiation for them, leading
to decrease in their mass. PBHs produced after > 10−25 s,
undergo mass gain by accretion of the highly dense radiation
which dominates over the Hawking evaporation.
It has been argued earlier [40, 41] that if the primordial fluc-
tuations obey a Gaussian distribution, the probability, that
a collapsing spherical region of initial mass m has a density
contrast in the range δ and δ + dδ, is given by [42]
P (δ,m)dδ =
1√
2piσ(m)
exp.
(
− δ
2
2σ(m)2
)
Θ
[
α
( m
m0
)2/3
−δ
]
dδ ,
(2)
where σ(m) is the mass variance and Θ denotes the Heaviside
function, which represents the fact that the distribution is cut
off above a maximum value of the density contrast δmax. The
cumulative density of PBHs at time t is given by [40]
ρPBH =
∫ mmax
mmin
Π(m′)ρ dm′ . (3)
where ρ is the radiation density and Π(m)dm is a quantity
related to the probability that a spherical region having ini-
tial mass between m to m + dm collapses to a PBH, which
ultimately remains a single black hole, i.e., is not engulfed
by any larger black hole [40]. Since in the present work we
are interested in those PBHs for which the mass gain due
to accretion of radiation is dominant over mass loss due to
Hawking evaporation, we set the limits of the above integral
to be mmin = 10
13 g and mmax = mH . The mass-variance
σ(m) is taken as σ(m) = (m/m0)
−n, where  is a constant,
m0 is the initial sub-horizon mass and n = 2/3 [40]. Hence,
Π(m) can be obtained as
Π(m) ∼ 1
m

[
exp
(
− B
4
22
)]
, (4)
where, B2 ∼ w, with w being the equation of state parameter
of the concerned cosmic-fluid, which is radiation in this case.
Binary formation of PBHs in the early Universe typically
proceeds due to the decoupling of a pair of PBHs from the
background cosmic expansion, with a third nearby PBH pro-
viding a tidal force to prevent head-on collision [36, 43, 44].
The scale-factor at which a pair of PBHs decouple from the
cosmic expansion is given by [20]
adc ≈ aeq
(rdc
r˜
)3
, (5)
where, rdc is the co-moving separation between the two black
holes, r˜ is given by
r˜3 =
3
4pi
M
a3eqρeq
(6)
and M = m1 +m2 is the total mass of the two PBHs decou-
pling from cosmic-expansion. aeq and ρeq are respectively
the scale-factor and density of cosmic-fluid at the matter-
radiation equality. As the concerned era is radiation domi-
nated, the corresponding time is given by
tdc = A
−2a2dc ≈ A −2a2eq
(rdc
r˜
)6
, (7)
where A is a constant defined by a = A t1/2. Here, the co-
moving length-scale r˜ comes from the condition of decoupling
from cosmic expansion, which is roughly when the mean mass
of the pair of PBHs overtakes the mass of the cosmic fluid
contained in the sphere of radius equal to the separation of
the pair, given by
M
2
>
4pi
3c2
ρR3 , (8)
where R is the proper separation between the PBHs and ρ
is the density of the cosmic-fluid i.e. radiation. As argued
in the references [9] and [20], the length-scale r˜ is such
that rdc < r˜ and consequently adc < aeq. The decoupling
time must be greater than the time of production of both
the PBHs, given by equation (1), viz. t ≈ G
c3
m. Hence, the
combination of masses m1 and m2 in the total mass M (on
which tdc depends) should not be such that one of them is
very large and the other is very small making the time of
formation of the larger PBH greater than tdc.
In the early inspiral stage, the angular-frequency of the
PBH-binaries (just after formation of the binary) is given by :
ω = (G(m1 +m2)/R
3
dc)
1/2, where substituting the expression
of proper separation between them : Rdc ≈ r˜ a
4/3
dc
a
1/3
eq
, we can
obtain :
ω =
(4piG(m1 +m2)a4eqρeq
3A 4t2dc(m1 +m2)
)1/2
=
(4piGa4eqρeq
3A 4t2dc
)1/2
(9)
The radial distance of a PBH-binary at a scale-factor ’a’ is
given by the usual formula for cosmological distance,
D(a) =
c
H0
∫ 1
a
da
a2(ΩDE + ΩMa−3)1/2
, (10)
where, ΩDE and ΩM are the fractional densities of dark en-
ergy and non-relativistic matter at present Universe and we
have neglected the fractional density of radiation at present
Universe ΩR, as ΩR << ΩDE ,ΩM . The distance D of a
PBH-binary is dependent on the masses of the PBHs consti-
tuting the binary since the time of binary formation depends
on the total mass of the two PBHs and also on the initial
comoving-separation between the PBHs after forming the bi-
nary. Substituting the values of ΩDE and ΩM and performing
the integration, one obtains the distance D(m1,m2, rdc) to a
specific PBH-binary, given by
D(a) ≈ c
H0
(
− ξ1 +
ξ2 2F1( 13 , 12 , 43 ,− ζa3 )
a
)
. (11)
Here, 2F1 is the Hypergeometric function, and ξ1 , ξ2 and ζ
are quantities whose numerical values depend on ΩDE and
ΩM .
3Before proceeding further, it may be pertinent to mention
certain observational constraints on the abundance of PBHs
in particular mass ranges [45–47]. From the absence of no-
ticeable microlensing, the ERS and MACHO surveys have
excluded large abundances of PBHs in the mass-range 1026
to 1034 g [48][49][50]. This constraint can be indirectly ap-
plied to the abundance of PBHs of masses < 1026 g in the
early Universe. However, setting these mass limits are highly
model-dependent [17] and regrouping of PBHs in dense ha-
los can evade the microlensing constrains. The absence of
some characteristic spectral distortions of the Cosmic Mi-
crowave Background’s spectrum imposes constraints on the
PBH abundance in the early Universe. Planck observations
exclude PBHs of the mass-order 1035−1037 g from being a sig-
nificant fraction of dark-matter [51]. However, the distortion
constraints are results of complex processes and subject to
considerable uncertainties. Moreover, it has been argued [22]
that the rate of binary formation and consequent merging
of PBHs in the early Universe could be significantly higher
such that the PBHs produced with sub-stellar masses, by-
passing the CMB-distortion constrains, would have grown by
several orders of mass by the time of star formation. Hence,
such PBHs could evade the most stringent micro-lensing con-
strains, as well.
III. GRAVITATIONAL WAVE AMPLITUDE
FROM ACCRETING PBH BINARIES
The second mass-moment, or quadrupole-moment, as
it is known for the Transverse-Traceless (TT) gauge, of a
binary compact object is given by Iij ≡
∫
ρxixj = µxy, for
cross-polarization, where the orbital-plane of the binary is
chosen to be the xy-plane with origin at their center-of-mass,
and it is assumed for simplicity that the z-axis is along the
line from the center of the binary to the observer. So, if
µ is constant, I˙ij =
d
dt
∫
d3x(ρ(t, x)xixj) =
d
dt
(µx(t)y(t)),
which gives I¨ij = µ(
d2x
dt2
y + x
d2y
dt2
) + 2µ(
dx
dt
dy
dt
). How-
ever, if µ varies with time, there would be two
extra terms, i.e., I¨ij =
d2µ
dt2
xy +
dµ
dt
(
dx
dt
y + x
dy
dt
)+
µ(
d2x
dt2
y + x
d2y
dt2
) + 2µ(
dx
dt
dy
dt
). Hence, the gravitational
wave amplitude in cross(×)-polarization from a single PBH-
binary of continuously changing PBH masses m1 and m2, in
the early inspiral stage where the Keplarian-approximations
are valid, will be given by
h× =
2G
D c4
I¨xy =
G
5
3
D(m1,m2) c4
[ m1m2
(m1 +m2)
1/3
{−4ω 23 sin(2ωt)}
+
{ d2
dt2
m1m2
(m1 +m2)
1/3
}
ω−
4
3 sin(2ωt)
+2
{ d
dt
m1m2
(m1 +m2)
1/3
}
{2ω− 13 cos(2ωt)}
]
.
(12)
(the terms generated due to time-variation of angular fre-
quency are negligible here.) In the RHS of the equation (12)
the first term is the usual one for binaries of constant mass
black holes, while the rest two are present if the masses of the
black holes in the binary change with time.
The time-rate of change of mass of any non-rotating PBH in
early Universe, due to spherical accretion of the surrounding
radiation is approximately given by,
m˙ = 4piA
(Gm
c2
)2
(1 + w)ρ (13)
where the constant A is proportional to the energy flux going
into the black hole. To simplify matters, we take A = 4,
considering the Schwarzschild cross-section for absorbtion of
radiation [30, 33]. This time rate of change of mass of a PBH
is also valid when it is in the early inspiral stage of a binary.
In order to have an idea of the rate of mass gain during the
radiation dominated era, we plot m˙ versus time for a range
of PBH formation masses mH in Fig. 1. One sees that m˙ can
indeed take large values during the early radiation dominated
era, but falls rapidly with time. This is due to the fall in
background radiation density.
Next, using the Friedmann’s equations of FLRW-cosmology
H2 = 8piG
3c2
ρ and the conservation equations of energy-
momentum tensor of the cosmic fluid, viz. ρ˙ = −3H(1 + w)ρ
and substituting in Eq.(13), after taking its derivative, we get
m¨ =
4piAG2
c4
(1 + w)
[
− 3
(8piG
3c2
)1/2
m2(1 + w)ρ3/2+
2
(
4piA
(G
c2
)2
(1 + w)m3
)
ρ2
]
.
(14)
A plot of −m¨ versus time in Fig. 2 reveals that the nature
of variation of −m¨ with time is quite similar to that of the
variation of m˙ with time. It starts from huge values during
the early radiation dominated era, while falls rapidly with
time. The reason, for m¨ having negative values, is clearly the
fall of dm
dt
with time due to decreasing background radiation
density.
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t (time)
d
m d
t
Formation time = 10-25 seconds, mH = 10
13 g
Formation time = 10-20 seconds, mH = 10
18 g
Formation time = 10-15 seconds, mH = 10
23 g
Formation time = 10-10 seconds, mH = 10
28 g
FIG. 1: Plot of dm
dt
vs time t, where dm
dt
is in units of g/s and time t is in seconds after Big-bang. We have plotted a family of four
curves for four different initial masses viz. mH with the values 10
28, 1023, 1018 and 1013 g.
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Formation time = 10-20 seconds, mH = 10
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Formation time = 10-15 seconds, mH = 10
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Formation time = 10-10 seconds, mH = 10
28 g
FIG. 2: Plot of − d2m
dt2
vs time t, where d
2m
dt2
is in units of g/s2 and time t is in seconds after Big-bang. We have plotted a family of four
curves for four different initial masses viz. mH with the values 10
28, 1023, 1018 and 1013 g.
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Formation time = 10-25 seconds, mH = 10
13 g
Formation time = 10-20 seconds, mH = 10
18 g
Formation time = 10-15 seconds, mH = 10
23 g
Formation time = 10-10 seconds, mH = 10
28 g
FIG. 3: Plot of
m(t)−mH
mH
, which is the ratio of the growth in mass of a PBH, to its initial mass, w.r.t. time. The range of time shown in
the figure is from 10−25 to 1 s after Big-bang. We have plotted a family of four curves for four different initial masses viz. mH with the
values 1028, 1023, 1018 and 1013 g.
Next, in Fig. 3 we give a plot of the time-variation of the
ratio of change in mass of a PBH taken to its initial mass, with
which it was born i.e. the horizon mass mH . It is evident from
this figure that the growth of the PBHs, for the specified range
5of initial masses, are negligigle in comparison with their initial
masses. The amount of growth of the PBHs’ masses are less
than of the order of 10−12 times of their initial masses, in the
range of time of our interest. Hence, it is in clear agreement
with the argument of B. J. Carr and S. W. Hawking in their
work [52] that PBHs can not grow much significantly in the
radiation dominated era. Various other works also suggest the
same [53, 54]. It can also be noticed from this figure 3, that
initially the masses grow faster for a little time, after which
they tend to become constant. The reason behind this can
be interpreted as the rapid fall in the background radiation
density in this early radiation-dominated era, due to which
the rate of growth of PBH masses also fall rapidly with the
evolution of Universe. So, it is very interesting to note the fact
that although the growth of masses of the PBHs are negligible
when we compare that with their initial masses, but yet the
rate of growth is sufficient to have a significant impact on the
gravitational wave emitted from their binaries, which we shall
show in our work.
Now, it is to be noted that both the m˙ and m¨ have been
expressed in terms of m and ρ, enabling one to write the
single and double time derivatives of the chirp-mass function,
in the correction terms in cross-polarization of gravitational
wave amplitude in Eq.(12), respectively as :
d
dt
m1m2
(m1 +m2)
1/3
=
{4piAG2
c4
(1 + w)ρ
}[
m1m2(m1 +m2)
2/3 − m1m2(m
2
1 +m
2
2)
3(m1 +m2)4/3
]
(15)
and
d2
dt2
m1m2
(m1 +m2)
1/3
=
4piAG2
c4
(1 + w)ρ
m21m
2
2
(m1 +m2)1/3
+
4piAG2
c4
(1 + w)2
( (C1m21ρ3/2 + C2m31ρ2)m2
(m1 +m2)1/3
+
(C1m
2
2ρ
3/2 + C2m
3
2ρ
2)m1
(m1 +m2)1/3
)
−
(4piAG2
c4
(1 + w)ρ
)2m1m2(m1 +m2)(m21 +m22)
(m1 +m2)4/3
−4piAG
2
c4
(1 + w)2
m1m2
3(m1 +m2)4/3
(C1ρ
3/2(m21 +m
2
2)+
C2ρ
2(m31 +m
3
2)) +
4piAG2
c4
(1 + w)
4m1m2(m
2
1 +m
2
2)
2
9(m1 +m2)7/3
,
(16)
where the quantities C1 and C2 are, respectively,
−3(8piG/3c2)1/2 and 8piA(G/c2)2. We can now cal-
culate the numerical values of the peak magnitudes
(without the sinusoidal variations) of the first and
second corrections terms in gravitational wave am-
plitude given by G
5/3
D c4
{
d2
dt2
m1m2
(m1+m2)
1/3
}
ω−
4
3 , and
G5/3
D c4
2
{
d
dt
m1m2
(m1+m2)
1/3
}
{2ω− 13 } respectively, for any typ-
ical PBH binary and compare their values with that of the
main term G
5/3
D c4
m1m2
(m1+m2)
1/3 {−4ω
2
3 }.
We plot these terms in Fig. 4 as functions of the black
hole masses and the background radiation density, choosing
m2 = 2m1 and separation between the PBHs is given by
100 times the sum of their Schwarzschild-radii (the angular
frequency is to be directly obtained from Kepler’s law as
we are considering the early inspiral stage). We use the
expression for cosmological distance in terms of the scale
factor given by equation 11, considering the scale factor at
which the PBHs constituting the binary were born (as masses
of both the PBHs are of same order, their time of birth is
also of approximately same order). It is evident from the plot
that for certain cases the corrections are not only significant
but also dominant. The constancy of the main term w.r.t.
the background radiation density ρ can be clearly depicted in
the plot below, as it is independent of ρ. With the increasing
density of radiation ρ, both the correction terms increase.
Therefore, the instantaneous rate of change of masses (both
the single and double time-derivatives of the masses) of the
PBHs in binaries have a significant effect on the gravitational
wave amplitude generated by them and hence, on the overall
stochastic gravitational wave background.
IV. STOCHASTIC GRAVITATIONAL WAVE
BACKGROUND AND ITS DETECTABILITY
For calculating the stochastic background, we employ the
standard formalism [56] assuming that the background is sta-
tionary, Gaussian, isotropic and unpolarized. Under these as-
sumptions, the spectral density of the stochastic background
Sh(f) is defined as :
Sh(f) =
1
4
d
df
〈hij(t)hij(t)〉 , (17)
where hij(t) ≡ hij(t, ~r = 0). The brackets 〈 〉 over the scalar
product hij(t)h
ij(t) denote in this case the average taken over
certain interval of time [56]. The advantage of describing
the theory in terms of the spectral density Sh(f) is that it
is directly comparable with the noise in a detector, denoted
6  
FIG. 4: Variation of the three terms in the gravitational wave amplitude given by Eq.(12) produced by a PBH binary in the early
inspiral stage, w.r.t. the background radiation density and mass, where ρBBN ≈ 10g/cm3 is the radiation density during big-bang
nucleosynthesis, and M is the Solar-mass.
by Sn(f). The response to any stochastic gravitational wave
background by the detector is given by
h(t) =
F
4
〈h11h11 + h12h12 + h21h21 + h22h22〉1/2
=
F
4
〈h11h11 + 2h12h12 + h22h22〉1/2 ,
given in terms of the spectral density by
h(t) = 〈h2(t)〉1/2 =
(
F
∫
f
dfSh(f)
)1/2
=
(F
4
〈hij(t)hij(t)〉
)1/2
,
(18)
where F is the angular efficiency factor, which for interfero-
metric detectors is F = 2/5, and for cylindrical bar detectors
F = 8/15 [56].
Substituting the expressions of plus and cross polarized
components of gravitational wave amplitude in the expres-
sion of h(t) one gets,
h(t) =
F
4
2G
5
3
D(m1,m2) c4
[
2
(
2
m1m2
(m1 +m2)
1/3
ω
2
3
)2
+
2
(
2
{ d
dt
m1m2
(m1 +m2)
1/3
}
ω−
1
3
)2
+
({ d2
dt2
m1m2
(m1 +m2)
1/3
}
ω−
4
3
)2
+
4
{ d2
dt2
m1m2
(m1 +m2)
1/3
}
ω−
4
3
(
− 2 m1m2
(m1 +m2)
1/3
ω
2
3
)]1/2
.
(19)
An additional cross-correction term appears due to the non-
vanishing of the product between the main term and the sec-
ond correction term, i.e. the term containing the double-time
derivative of chirp-mass. Unlike the case of a single binary,
hij for stochastic background of gravitational waves stands
for the overall gravitational wave amplitude of the stochastic
background, integrated over all possible frequencies and all
directions, given by
hij(t, ~r) = ΣP=+,×
∫
f
df
∫
d2nˆ
hP(f, nˆ, t)e
P
ij(nˆ)exp[−2piif(t− nˆ.~r/c)] ,
(20)
where hP is the gravitational wave amplitude produced from
each PBH binary. The constituent gravitational waves from
all the PBH-binaries come from all directions or the overall
solid angle, as they are statistically distributed in the Universe
and with statistically distributed parameters. Hence, for the
stochastic background, one has to integrate over all the solid
angles and over their masses.
Denoting the chirp masses asM = (m1m2)3/5
(m1+m2)
1/5 , the density
of gravitational wave amplitude generated from PBH binaries
in the differential chirp-mass rangeM toM+dM, for cross-
polarization is given by
dhij(t, ~r) =
∫
f
df
∫
d2nˆN (M)dM (h×e×ij(nˆ)) , (21)
where N (M)dM is the number-density of PBH-binaries in
the differential chirp-mass range M to M+ dM at the con-
cerned time. The total gravitational wave amplitude density
generated for cross-polarization from all the PBH binaries in
the chirp-mass range from Mmin to Mmax is given by∫
dhij(t, ~r) =
∫
f
df
∫
d2nˆ
∫ Mmax
Mmin
N (M)dM(h×e×ij(nˆ)) .
(22)
7The formation of binaries is taken to proceed under the three-
body configuration [20]. The differential co-moving number-
density of PBH-binaries resulting from three-body configura-
tions may be written as
dN (r1, r2) = 1
2
(n(m1)dm1)(e
−N(r2)dN(r1,m2)dN(r2,m3)) .
(23)
The part (e−N(r2)dN(r1,m2)dN(r2,m3)) stands for the prob-
ability that those PBHs belong to the specified three-body
configuration. The quantity dN(r,m) is given by
dN(r,m) = 4pir2n(m)(1 + ξ(r))drdm . (24)
Here, ξ(r) is the PBH two-point function [20]. In the sim-
plest case, the two-point function can be taken as a constant
(1 + ξ(r)) = δdc. The factor 1/2 in the RHS of equation 23
signifies the fact that the number of PBH-binaries would be
just the half of the number of PBHs forming those binaries
and N(r2) =
∫
dN(r2,m) is the expected number of PBHs
surrounding one PBH in the sphere of co-moving radius r2.
The quantity N(r2) is given by
N(r2) =
∫ r2
0
∫ m
mmin
δdc(4pir
2dr)
(
ρ
Π(m)
m
dm
)
.
Substituting the expression of the distribution function given
by Eq.(4), and performing the integrals over r andm inN(r2),
one gets
N(r2) = δdcρ
(4
3
pir32
)
 exp.
(−w2
22
)(− 1
m
+
1
mmin
)
.
For brevity of notation we define N (m) as N(r2) =
4
3
pir32N (m).
The total gravitational wave amplitude density generated
(for cross-polarization) from all the PBH-binaries is given by
hij(t, ~r) =
∫
dhij(t, ~r) =
∫
f
df
∫
d2nˆ∫ m1,max
m1,min
∫ m2,max
m2,min
∫ m3,max
m3,min
∫ r˜
r1=0
∫ ∞
r2=r1
dN (r1, r2)(h×e×ij(nˆ)) ,
(25)
where r˜ is defined earlier in Eq.(6). Here, the integrations over
r1 and r2 are respectively from 0 to r˜, and r1 to ∞, because
the second PBH should be within a radial distance 0 to r˜
from the first PBH, while the third PBH has to be anywhere
outside r1 (r2 > r1). The contribution of the main term (i.e.
the term without derivatives of masses) to the gravitational
wave amplitude density is :
hij main(t, ~r) =
1
2
ρ3δ2dc
∫
f
df
∫
nˆ
d2nˆ
∫ m1,max
m1,min
∫ m2,max
m2,min
∫ m3,max
m3,min(Π(m1)
m1
dm1
Π(m2)
m2
dm2
Π(m3)
m3
dm3
) (
4pi
∫
r2
r22e
−N(r2)dr2
)
4pi
∫
r1
r21dr1
G5/3
D(m1,m2, r1) c4
m1m2
(m1 +m2)1/3
(−4ω2/3sin(2ωt)) .
The contributions of the correction terms follow similarly.
Note that the hypergeometric function contained in the ex-
pression of the distance D(m1,m2, r1) given by Eq.(11) can
be written as
2F1(a, b, c, Z) ≈ Γ(c)Γ(b− a)
Γ(b)Γ(c− a) (−Z)
−a+
Γ(c)Γ(a− b)
Γ(a)Γ(c− b) (−Z)
−b ,
(26)
for |Z| >> 1. This allows us to carry out the radial inte-
grations analytically. Employing the approximation of the
Hypergeometric function as described above, we find that the
expession of the distance can be approximately written as :
D(m1,m2, r1) ≈ D(1 + αa1/2dc )−1 , (27)
where numerical values of D and α are estimated to be of
order ∼ 1.
The contribution from the main term in 〈h(t)2〉 is given by
〈h(t)2〉main = 1
2
ρ3δ2dc
∫
f
df
∫
nˆ
d2nˆ
∫ m1,max
m1,min
∫ m2,max
m2,min
∫ m3,max
m3,min(Π(m1)
m1
dm1
Π(m2)
m2
dm2
Π(m3)
m3
dm3
)(
4pi
∫
r2
r22e
−N(r2)dr2
)
4pi
∫
r1
r21dr1
(
2
F
4
2G
5
3
D(m1,m2, r1) c4
)2(
2
m1m2
(m1 +m2)
1/3
ω
2
3
)2
,
(28)
and similarly, for the three correction terms.
The contribution of the main term to the spectral density,
after carrying out the integrations over r2 and r1, (neglecting
terms containing aeq, as the order of aeq << 1) is given by,
Sh(f)main =
1
2
ρ3δ2dc(4pi)
( c
H0
)−2 ∫ m1,max
m1,min
∫ m2,max
m2,min
∫ m3,max
m3,min
(Π(m1)
m1
dm1
Π(m2)
m2
dm2
Π(m3)
m3
dm3
)(
2
G
5
3
c4
m1m2
(m1 +m2)
1/3
ω
2
3
)2
4pi
D2N (m)
[exp(− 4
3
pi r˜3N (m))
N (m)
{
−2α
4pi
a1/2eq − α
2
4pi
}
+
2
√
3α
16piN (m)3/2
a
1/2
eq
r˜3/2
(Erf [2
√
pi
3
r˜3/2
√
N (m)]− Erf [0])] 1
4piN (m)
]
,
(29)
where the Erf [] denotes the error function. Similarly, the three corrections to the spectral density are ob-
tained from the correction terms in h(t), viz., for 2
(
2
{ d
dt
m1m2
(m1 +m2)
1/3
}
ω−
1
3
)2
,
({ d2
dt2
m1m2
(m1 +m2)
1/3
}
ω−
4
3
)2
and
4
{ d2
dt2
m1m2
(m1 +m2)
1/3
}
ω−
4
3
(
− 2 m1m2
(m1 +m2)
1/3
ω
2
3
)
, the contributions to Sh(f) are respectively :
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FIG. 5: Plot of the strain Sh(ω)
1/2 in Hz−1/2 of the main term vs the angular frequency (observed) ω : the band ranges for amplitude
of mass-variance of primordial fluctuation  from 0.1 to 0.4, for the time t = 10−24 s to 1 s after the big-bang.
Sh(f)1st =
1
2
ρ3δ2dc(4pi)
( c
H0
)−2 ∫ m1,max
m1,min
∫ m2,max
m2,min
∫ m3,max
m3,min
(Π(m1)
m1
dm1
Π(m2)
m2
dm2
Π(m3)
m3
dm3
)(
2
G
5
3
c4
{
d
dt
m1m2
(m1 +m2)
1/3
}
ω−
1
3
)2
4pi
D2N (m)
[exp(− 4
3
pi r˜3N (m))
N (m)
{
−2α
4pi
a1/2eq − α
2
4pi
}
+
2
√
3α
16piN (m)3/2
a
1/2
eq
r˜3/2
(Erf [2
√
pi
3
r˜3/2
√
N (m)]− Erf [0])] + 1
4piN (m)
]
,
(30)
Sh(f)2nd =
1
2
ρ3δ2dc(4pi)
( c
H0
)−2 ∫ m1,max
m1,min
∫ m2,max
m2,min
∫ m3,max
m3,min
(Π(m1)
m1
dm1
Π(m2)
m2
dm2
Π(m3)
m3
dm3
)1
2
( G 53
c4
{ d2
dt2
m1m2
(m1 +m2)
1/3
}
ω−
4
3
)2
4pi
D2N (m)
[exp(− 4
3
pi r˜3N (m))
N (m)
{
−2α
4pi
a1/2eq − α
2
4pi
}
+
2
√
3α
16piN (m)3/2
a
1/2
eq
r˜3/2
(Erf [2
√
pi
3
r˜3/2
√
N (m)]− Erf [0])] + 1
4piN (m)
]
,
(31)
Sh(f)cross =
1
2
ρ3δ2dc(4pi)
( c
H0
)−2 ∫ m1,max
m1,min
∫ m2,max
m2,min
∫ m3,max
m3,min
(Π(m1)
m1
dm1
Π(m2)
m2
dm2
Π(m3)
m3
dm3
)
4
( G 53
c4
)2{ d2
dt2
m1m2
(m1 +m2)
1/3
}(
− m1m2
(m1 +m2)
1/3
)
ω−
2
3
4pi
D2N (m)
[exp(− 4
3
pi r˜3N (m))
N (m)
{
−2α
4pi
a1/2eq − α
2
4pi
}
+
2
√
3α
16piN (m)3/2
a
1/2
eq
r˜3/2
(Erf [2
√
pi
3
r˜3/2
√
N (m)]− Erf [0])] + 1
4piN (m)
]
.
(32)
The detectability graphs are obtained by plotting the strain
Sh(f)
1/2 (in Hz−1/2) versus observed frequency fo (which is
(1+z)−1fs), imposing the noise-sensitivity lines of present and
future gravitational wave detectors. It is important to note
that the mass-density of PBHs in the early Universe very sen-
sitively depends on the quantity , as given by Eq.(4). We plot
the strain sensitivities (S
1/2
h ) for certain ranges of  w.r.t. the
observed angular frequency in the Figs. 5, 6, 7, and 8 for the
four terms, i.e., the main and three correction terms respec-
tively, with the noise sensitivity lines for present and future
gravitational wave detectors. The numerical calculations are
done with Mathematica (version 9). The numerial values of
the quantities D and α are estimated by taking the values
of ΩDE and ΩM as appoximately 0.68 and 0.31 respectively.
These plots are shown below.
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FIG. 6: Plot of the strain Sh(ω)
1/2 in Hz−1/2 of the first correction term containing the single time-derivative of the chirp mass vs the
angular frequency (observed) ω : the band ranges for amplitude of mass-variance of primordial fluctuation  is 0.4 to 0.8 ; for the time t
= 10−24 s to 1 s after the big-bang.
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FIG. 7: Plot of the strain Sh(ω)
1/2 in Hz−1/2 of the second correction term containing double time-derivative of the chirp mass vs the
angular frequency (observed) ω : the band ranges for amplitude of mass-variance of primordial fluctuation  is 0.012 to 0.0125 ; for the
time t = 10−24 s to 1 s after the big-bang.
We choose the range of values of the amplitude of mass-
variance of primordial fluctuation , for the strain sensitivity
vs observed angular-frequency band-plot to be such that the
strain sensitivity (in Hz−1/2) has the value within 10−12 to
10−30 Hz−1/2 which is the region where the noise-curves of
most of the present and future gravitational wave detectors
lie. As we know, that to be detectable, the strain produced
by a gravitational wave signal must be above the noise-curve
of the associated detector. Only in the case of first correction
term, we have extended the lower limit of the strain sensitiv-
ity in the detectability graph to 10−35Hz−1/2, because even
with very high values of , we get the strain sensitivity below
10−29Hz−1/2 for the first correction term.
In the fig. 5, the strain sensitivity for the main term of the
stochastic background has been plotted w.r.t. correspond-
ing observed angular frequency for the range of amplitude
of mass-variance of primordial fluctuation  from 0.1 to 0.4.
The noise-curves for different present and future gravitational
wave detectors have been shown in the figures [57]. They are
iLIGO (initial LIGO), aLIGO (Advanced LIGO), LISA, ET,
10
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FIG. 8: Plot of the strain Sh(ω)
1/2 in Hz−1/2 of the cross-correction term due to non-vanishing product of the second correction term
and main term vs the angular frequency (observed) ω : the band ranges for amplitude of mass-variance of primordial fluctuation  is
0.018 to 0.02 ; for the time t = 10−24 s to 1 s after the big-bang.
BBO, and EPTA . We see that certain parts of the stochastic
gravitational wave background due to the main term, for the
specified range of , should be detectable by future gravita-
tional wave detector BBO.
In fig. 6, a similar plot of the first correction term is shown.
Here, we have shown the band of strain sensitivity vs observed
angular-frequency for the range of amplitude of mass-variance
of primordial fluctuation  from 0.4 to 0.8. It can be clearly
seen that even for this range of  with such high values, no
region of the stochastic gravitational wave background due
to the first correction term is detectable by any present or
planned future gravitational wave detector.
In the fig. 7 and fig. 8, similar plots of the second correc-
tion term and the cross-correction term have been shown. In
case of the figure 7, the band of strain sensitivity vs observed
angular-frequency has been shown for the range of  from
0.012 to 0.0125 and in case of figure 8, the range of  is from
0.018 to 0.02. We see that in these cases certain portions of
the stochastic gravitational wave background are detectable
by LISA and BBO.
Note that the range of values of , chosen for the main term
in figure 5, is 0.1 to 0.4, and for the first correction term in
figure 6, is 0.4 to 0.8, which are an order larger than those
for the second correction term and cross correction terms,
in figures 7 and 8 respectively (where the ranges are 0.012
to 0.0125 and 0.018 to 0.02 respectively). Yet, we get greater
strain for the second correction term and cross correction term
than the main term and first correction term. This clearly
establishes the dominance of the second and cross correction
terms over the main term.
V. SUMMARY AND CONCLUSIONS
In this work we have investigated the stochastic gravita-
tional wave background produced by binaries of primordial
black holes during their early inspiral stage while accreting
high density radiation surrounding them in the early uni-
verse. It has been shown that the gravitational wave am-
plitude has correction terms because of the rapid rate of in-
crease in masses of the primordial black holes. These correc-
tion terms arise due to non-vanishing first and second time
derivatives of the masses and their contribution to the over-
all double time derivative of the quadrupole-moment tensor.
We have found that some of these correction terms are not
only significant in comparison with the main term, but even
dominant over the main term for certain ranges of time in the
early Universe. The significance of these correction terms is
not only for the gravitational wave amplitude produced from
an individual PBH-binary, but persists for the overall stochas-
tic gravitational wave background produced from them.
We have further studied the detectability of the above
stochastic gravitational wave background with present and
future gravitational wave detectors. We find that it is pos-
sible for such contributions to the overall stochastic gravita-
tional wave background to be directly detected with some of
the future gravitational wave detectors. Moreover, it would
be relevant to study the gravitational wave spectrum emitted
from merger stages of such PBH binaries, which should be in
the detectability range of aLIGO. Such an occurrence would
thus, open up a direct window to probe the early Universe.
The significant correction terms in the spectral density gen-
erated due to rapid increase of masses of the PBHs in the bi-
naries are explicit functions of the density of radiation at the
concerned time. Hence, through these correction terms one
may be able to constrain the density of radiation at a specific
era in early Universe, if the stochastic background is detected
in future. Moreover, observations of the stochastic back-
ground would provide direct clues of the PBH-mass ranges,
rate of formation of PBH-binaries and their merging-rates,
shedding light on the long-standing question as to whether
some PBHs still exist in present era of our Universe compris-
ing a fraction of the dark matter. On the other hand, if such
a background is not detected, it will help setting upper limits
11
on the PBH density in early Universe, or more fundamentally, the amplitude of mass variance of the primordial density fluc-
tuations in the early Universe.
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